Although sheets of layered van der Waals solids offer great opportunities to custom-design nanomaterial properties, their weak interlayer adhesion challenges structural stability against mechanical deformation. Here, bending-induced delamination of multilayer sheets is investigated by molecular dynamics simulations, using graphene as an archetypal van der Waals solid. Simulations show that delamination of a graphene sheet occurs when its radius of curvature decreases roughly below Rc = 5.3 nm × (number of layers) 3/2 and that, as a rule, one-third of the layers get delaminated. These clear results are explained by a general and transparent model, a useful future reference for guiding the design of nanostructured van der Waals solids.
I. INTRODUCTION
The richness of layered van der Waals solids such as graphene, hexagonal boron nitride, layered transition metal dichalgonides, and others, arises largely from the possibility to custom-design their properties. [1, 2] The electronic and electromechanical properties of each layer are unique [3] [4] [5] and they remain so upon layering because of the weakness of chemical bonding. [2, 6] Therefore, a control over the stacking order of different layers enables the fabrication of sheets with custom-designed properties useful in electronic components, nanoelectromechanical devices, and flexible electronics. [1, 7] In layered materials, however, flexibility with pertinent mechanical deformations may not be possible due to structural instability. Can the weak binding hold the sheet together upon deformation, or will it get delaminated? When is stability limited by critical tensile strain instead of interlayer adhesion? Insights to the underlying physics would help to guide the manipulation and the design of mechanics and structure-function relationships for these layered materials.
Because sheets of layered materials are thin, the primary deformation mode is bending. Bending-induced delamination of thin sheets is familiar even from mundane objects, such as cardboard boxes. At the nanoscale, a recent work showed direct evidence of bending-induced delamination in graphene and boron nitride nanoribbons. [8] The work was supplemented by a model assuming that the delamination is triggered by constant surface strain. Somewhat related phenomenon is the rippling of bent tubes, observed in bent multi-walled carbon nanotubes. [9] [10] [11] Other types of nanosheet detachments have been investigated in various contexts, especially in the presence of flat or corrugated substrates. [12] [13] [14] [15] However, a comprehensive picture of the delamination of sheets of van der Waals solids is still lacking.
In this article I present results of bending-induced delamination of multilayer sheets from classical molecular * email:pekka.koskinen@iki.fi dynamics simulations. The simulations were designed to answer the simple but fundamental questions: How much does an N -layer sheet tolerate bending before it delaminates? How many layers get delaminated? What is the precise mechanism that triggers delamination, and can it be modeled? In this article these questions, as it will turn out, all receive explicit answers.
II. DELAMINATION IN MOLECULAR DYNAMICS SIMULATIONS
To simulate the bending-induced delamination, multilayer graphene sheets of finite length and infinite width were bent by introducing a constrained movement of the atoms in the ends (Fig.1) , while simulating the unconstrained atoms in the middle by a thermostat (see appendix). The degree of bending is quantified by the dimensionless parameter Θ = H/(2R), where R is the ra-dius of curvature of the neutral surface, H = h(N − 1) is the sheet thickness, h is the interlayer distance, and N is the number of layers. The parameter equals conveniently the tensile strain at the outermost layer and the compressive strain at the innermost layer, Θ = ε in = −ε out . [16] The simulation constraints assumed harmonic bonds, which was a fair approximation because Θ ∼ 1 %. [17] Simulations proceeded by increasing Θ from zero at a constant rate. Initially the sheets bent like a rigid plate, outer layers stretching, inner layers compressing. Upon further increasing Θ, the inner layers developed delocalized undulations (view Fig.1 at an angle) . At the critical value Θ = Θ c these undulations began to localize, inner layers slid with respect to the outer layers, resulting in delamination with an ever growing bump. After delamination the simulation was stopped because postdelamination events would have depended on the simulation constraints. The simulations were performed for thicknesses N = 2 − 14 at 2 K, 10 K, 20 K, 100 K, and 300 K temperatures, and repeated five times to obtain thermal variations.
The first central result is the dependence of Θ c on sheet thickness (Fig.2) . For low temperatures Θ c decreases monotonically with increasing N . At higher temperatures the dependence is non-monotonic because the shapes of the thinnest sheets were prone to fluctuate and create temporary excess curvature on top of the constrained one. When N increases, however, this effect vanishes and the effect of temperature diminishes. The values of Θ c = H/2R c convert into critical radii of curvature R c in the sub-µm range, large enough to be taken seriously in device fabrication (inset of Fig.2 ).
The second central result is that, as a rule, one-third of the layers delaminate (Fig.3) . Apart from thermal fluctuation higher temperatures, the rule is unexpectedly robust. The one-third rule is particularly important because it is independent of material parameters, as will be discussed below.
Even though the simulations were stopped after the delamination, the question of what happens afterwards is important from a practical aspect. If bending was simply continued beyond Θ c , delamination continued to propagate towards the layers outside. However, these postdelamination events depend on the sheet length and on the choice of external constraints. Since these choices lack proper motivation, I discuss here the initial delamination event alone.
III. DELAMINATION CAPTURED BY AN ANALYTICAL MODEL
To analyze the delamination mechanism and the dependence on material parameters, let us next develop a continuum elasticity model.
Consider an N -layer sheet bent to a radius of curvature R. Prior to delamination, the strain in each layer is 
The stress is constant during the initial phases of the delamination because the relatively long layers slide easily with respect to one another, and also because we investigate the limit of emerging bump, that is, small d. [18, 19] Thus, a length change ∆l under constant stress makes up a change kε i ∆l in strain energy. Using the bump profile above, the length change for the N d innermost layers is ∆l b = π 2 d 2 /4w, which yields an energy change k∆l b
The contribution is negative because ε i < 0 inside. At the same time, bit more subtly, the lengths of the N − N d outermost layers comply to the sliding of the inner layers by shortening the corresponding amount and yielding an energy change k(−∆l b )
Adding the two terms, the strain energy upon bump formation changes by
The second energy contribution is from bending. The bending energy density for all N d layers is
2 , where κ is the bending modulus. Integrating over the bump profile, we get the total bending energy
Note that, apart from the expressions for ε i , I ignore all other effects from the overall R −2 curvature; this approximation improves upon increasing R and N .
The third energy contribution is from interlayer adhesion. Because it is reasonable to consider adhesion only between neighboring layers [2] , energy changes only between the layers i = N d − 1 and i = N d . Integrating the Lennard-Jones pair-potential 4 [(h/r) 12 − (h/r) 6 ] across two infinite sheets separated by h yields the interaction energy V LJ (h ) = −2π 6 ] with a minimum at h = h, where A c is the surface area per atom. Assuming that this energy is local and integrating across the widening interlayer spacing of h = h + y, we get to the lowest order in d
All three contributions (1), (2), and (3) are quadratic in d, and the total cost to form the bump is
This expression offers a transparent stability analysis. When Θ is small and the coefficient of d 2 positive, the sheet is stable against delamination; the gain in strain energy is too small compared to the cost in bending and adhesion. When Θ increases the capacity to release strain energy grows until at Θ c the coefficient of d 2 equals zero, making it possible to create the bump without cost, triggering the delamination. At Θ = Θ c , the number of delaminated layers can be calculated by energy minimization from ∂E/∂N d = 0, and the width of the bump from ∂E/∂w = 0. This gives us three equations out of which the unknowns (Θ c , N d , and w) can be solved.
The solution for Θ c at the limit of large N is simply
which becomes Θ c = 0.032 × N −1/2 with graphene parameters, agreeing well with the low-temperature molecular dynamics simulations (Fig.2). [20] Although residing close to 1.5 % for few-layer graphene, Θ c is not quite constant, as assumed earlier. [8] This expression infers a critical radius for stability R c ≈ N h/2Θ c = 5.3 × N 3/2 nm (inset of Fig.2) . Delamination becomes easier when inplane modulus increases or when adhesion and bending moduli decrease, which are plausible dependencies on material parameters.
The solution for N d is N d = N/3, exactly. This onethird rule is particularly elegant because it is completely independent of material parameters. The rule agrees with the simulations, where the number of delaminated layers is always an integer close to N/3, even though especially at higher temperatures sheets occasionally delaminated to different number of layers (Fig.3) . To a certain degree, the one-third rule can be understood by qualitative argumentation. Since the cost in adhesion is independent of N d , it is governed by the competition between stretching and bending alone. Having N d = N/2 would give the largest release in strain energy, but the strain in the layers near the neutral surface is so small that it becomes beneficial to retain their strain and to avoid the comparably large cost in bending energy. Hence, the best solution is N d between N/2 and 1, and the value N/3 emerges from the functional form of bending and strain energies, independent of material parameters.
The model is expected to be universally valid, since the adhesion parameter in all van der Waals solids has the same nature and physical origin. [2] The model is also unexpectedly successful especially in view of its simplicity. First, the model has no fitting parameters. Second, it takes into account the 1/R curvature only in the layer strains. Third, it ignores the undulations that were seen to precede the delamination. As expected, the agreement improves upon larger N because some of the approximations get milder. In practice, the limit of (very) large N is non-trivial, because the delamination itself possibly becomes less an instantaneous event, and more a dynamic process. Furthermore, the model ignores the clearly important entropic effects at higher temperatures. I remark that the solution for w, with the explicit expression
is a by-product not to be compared with the simulations; it is defined only at the onset of delamination, and its comparison with the size of the post-delaminated bump would be vague. It is straightforward to generalize the model to heterogeneous multilayers. By considering layer-dependent bending and in-plane moduli, the strain energy becomes
and the bending energy
The adhesion energy remains equal to (3) with the parameter replaced by the adhesion between layers i = N d − 1 and i = N d , even though it seems that the adhesion for layered materials has almost a universal value of ∼ 20 meV/Å 2 .
[2] Heterogeneous multilayers could introduce several solutions because the varying material parameters could make the total energy a non-monotonous function of N d .
IV. DISCUSSION AND CONCLUSION
The implications of delamination are multifaceted. It has profound effect on the nanoelectromechanical properties of multilayer sheets, either through the delamination itself or through a more radical structural transformation triggered by the delamination. The delaminated structure itself would abruptly change the bending modulus of the sheet. Further, with its disturbed interlayer coupling, the bump would cause electronic scattering and otherwise modify sheet's electronic properties. The properties of multilayer graphene, namely, depend very strongly on the number of layers.
[21] Regarding structural stability in general, Eq.(5) gives a useful criterion: when Θ c approaches the maximum tensile strain of the layered material, bending would cause fracture instead of delamination. Pristine graphene withstands tensile strain more than ∼ 15 % ( 2 %), so delamination occurs before fracture. [22] Delamination could also be a trigger for more radical structural transformation. It could launch the formation of standing collapsed wrinkles, protrusions emerging from the sheet created due to easy sliding. [23] It could even trigger exfoliation, possibly involving the intercalation of particles inside the cavity below the bump, a particularly plausible mechanism for narrow sheets and ribbons. This way the delamination would become irreversible. In fact, it is conceivable that such mechanism would be partly responsible for the exfoliation of dissolved graphene flakes under intense sonication. Sonication would excite bending of the flakes, thereby causing delamination and easier intercalation of the particles from solution between the layered structure. [24, 25] To conclude, simulations and modeling suggest that delamination is a robust and predictable phenomenon. Especially the one-third rule for the number of delaminated layers could be a valuable tool for the manipulation and design of multilayer sheets. Thus, the comprehensive understanding of the mechanism and the powerfully simple results for the critical curvatures is likely to become a useful future reference for designing nanoelectromechanical devices of van der Waals solids.
